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IMPURITY DISTRIBUTION IN A MELT CRYSTALLIZING WITH 

CONVECTION CAUSED BY CONCENTRATION GRADIENTS 

P. F. Zavgorodnii, V. I. Kolesnik, 
I. L. Povkh, and O. N. Lukicheva 

UDC 532.72:669.015.23 

Numerical calculations on a model show that concentration-dependent convection has 
a marked effect on the impurity distribution in the solid. 

Chemical nonuniformity arises in the crystallization of a melt because of partition of 
impurities in the two-phase medium when there is a moving phase interface; the exact distribu- 
tion is also dependent on the mixing occurring in the core of a casting. Concentration-in- 
duced convection is one of the main causes of mixing. 

Here it is assumed that the temperature differences arising at T # 0 on reducing the 
temperature of the boundaries to the crystallization point are insufficient to produce ther- 
mal convection in the melt. 

The solubility difference between the solid and liquid phases causes spatial nonuniformity 
in the impurity pattern. The liquid core of the solidifying melt therefore shows convection 
whose direction is dependent on the density relationship between the impurity and the parent 
melt. We have made a numerical study of the impurity distribution occurring under such con- 

ditions. 

The melt has an initial temperature To (reasonably close to the crystallization point) 
and fills a rectangular semiinfinite region in which the dimensions of the vertical cross 
section are L, • L2 at time r = 0; at that instant the melt is immobile and the impurity and 
temperature are uniformly distributed over the cross section. 

The impurity distribution in the initial solution is taken as being 0.1-0.3%, so we take 
the phase-transition boundary as being isothermal, while the crystallization front migrates 
into the liquid region in accordance with a square-root law. It is assumed that the solidi- 
fication occurs in all directions at the same rate: 

= - = - V F &  = = 

The transport of momentum and of the impurity is described for an incompressible liquid 
in general by a system of equations that includes the Navier-- Stokes equation, the equation 
for mass transport, and the equation of continuity. 

The characteristic velocity and the characteristic pressure difference are defined by 
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Time course of the maximal vertical ve- 
i) Gr d = 0.2.107; 2) 0.2.10e; 3) 0.2. 

V o 

U~ = ~ o '  Pmax--Pmin = pu~, 

and then the differential equations are put in dimensionless form as follows: 

i. the equation of motion 

& 
0Fo ' (Vv) g = -- V ~ + S m  V g -4- ~ Sm 2 GrdS', 

where S' is determined for each instant as the difference between the concentrations at the 
phase-transition boundary and at points lying on a net such that the concentration gradient 
beyond them may be neglected; 

2. the mass-transport equation 

3. the equation of continuity 

OS 
_ _  - r  ( P v ) S  = AS; 
a Fo 

v V  = O. 

The boundary conditions, in addition, are 

VIFo=0 = O, SlFo=o = 1 

for ql = RI, ql = e,, q2 = ca, q2 = R2, Vt = Va = O. 

The boundary conditions for the concentration are written for each boundary of the re- 
gion, and the difference in solubility between the solid and liquid phases is incorporated 
via the equilibrium partition coefficient k, while diffusion in the solid state is neglected: 

_ O S  , = e l ( 1  - -  k) S I , . = ~ . .  

Oql in~:=e, 

as ! = ~ ; ( 1 - k ) s l ~ = = ~ , ,  
c)qzJ lq2=R2 

~ l =~ ; (~ - - k )S '  
~ 1  In,=n~ m,=n, , 

O S  ! = d ,  ( I  - -  k )  s l n , = ~ ,  �9 

Oq'z !n, = ~ 

Finite-difference mthods are used with an integral interpolation method [i] or frac- 
tional-step methods [2], or else by introducing the stream function $ and the circulation 
velocity ~. We transfer to unit region ~, ~2 with time-constant boundaries [3]. 

The Sm2Grd S term in (i) is taken as positive, which corresponds to the density of the 
parent melt being less than that of the impurity. 

Numerical implementation by computer was based on a coordinate net ~h and a time net 
Fon: It was assumed that the numbers of intervals along each of the coordinates ~ and ~2 
are the same (I = M), which gives 
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Fig. 2. a) Impurity distribution at the phase-transition 
boundary; b) impurity distribution in the solidified melt: 
i) Gr d = 0; 2) 0.2.107; 3) 0.2.10s; 4) 0.2o109 . 

% = { ~ x = i h ,  ~ z = m h ,  h - -  I1 ___1 > 0  ' M  

i = O ,  1, 2 . . . . .  I ,  r e = O ,  1, 2 ,  . . . , M } ,  

The difference scheme was implemented wlth a ~epr-21 computer. 

Be net was taken as 32 x 32 on the basis of the available store of the machine and the 

conditions for mathematlcal stability. 

The relative error of the calculation was dete~ined as not more than 5%. 

Be follow~g values were used for the parameters: 

S m = 9 0 , ~ = 1 0 ,  k = 0 . 5 ,  % = 0 . 6 m ,  Gr d = 0 . 2 " 1 0 n ( n = 7 ,  8, 9). 

The ~purity is uniformly distributed over the liquid core at the start; the excess im- 
purity is rejected by the solid at the phase boundary, because the equil~ri~ partition co- 
efficient was taken as less than l; this resulted in a concentration nonunifo~ity at the 
boundary, and the accumulating impurity caused the fluid to circulate, with the influx of 
fresh liquidless enriched in ~purity. The result of this gravitational process is that 
~o eddies arise in the liquid core, which provide convective mixing. 

The convection rate ~creased substantially with Grd; in addition, there was a fall in 
the time needed to reach the maximum speed, which itself rose (Fig. i). Also, the motion re- 
mained largely unchanged up to the end of solidification, which agrees well with many ~peri- 
ments [4]. The convection currents accelerate the transport of the impurity away from the 
phas~transition boundary and thus substantially influence the concentration pattern. The 
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latter alters considerably as soon as solidification starts, and high concentration gradients 
arise, which accelerate the convective motion. The concentration nonuniformity persists un- 
til the end of solidification, which is associated with rapid convection at all stages. 

The impurity concentration is highest at the center because the flows enriched in the 
impurity descend to the bottom, while the rising flows from the center transport fresh mate- 
rial to the solidifying surface. 

The details of the convection under these conditions were examined by calculating the 
impurity or dopant distribution in a melt at rest. Figure 2a compares the distributions 
arising near the phase boundary with and without convective motion and indicates that there 
is a substantial fall in the impurity concentration in the solid until about 70% of the melt 
has solidified, after which there is a sharp rise. This fall is clearly due to the acceler- 
ated impurity transport away from the boundary when convection occurs. 

The sharp rise in impurity concentration at the end of the solidification is due to the 
highly enriched core and, in addition, to the rapid removal of the heat from the remaining 
small volume of liquid. 

Figure 2b shows the impurity distributions arising with and without convective motion. 

Concentration-induced convection produces a substantial enrichment in impurity at the 
center with depletion at the periphery, evidently on account of the distribution arising in 
the liquid core under conditions set up by the convection at the phase-transition boundary~ 

An increase in Gr d = 0.2-i0 n (n = 8 or 9), which is equivalent to increasing the speed 
of the convection, tends to accelerate and accentuate these effects. 

The numerical calculations agree well with the conclusions drawn in [5]. 

NOTATION 

Li, width of crystallizer cavity; L2, height of cavity; Xo, characteristic dimension of 
region; Xi, horizontal coordinate; X2, vertical coordinate; Zi = L~/XI, relative width; ~2 = 
L2/X2, relative height of cavity; n i = Xi/Xo (i = !, 2), dimensionless coordinate; c i = Zi/ 
Xo (i = i, 2), dimensionless width of liquid zone; R i = ri/Xo (i = i, 2), dimensionless thick- 
ness of solid crust; T, time; Fo = DT/X~, dimensionless time; D, diffusion coefficient; u, 
convective velocity; V = u/uo, dimensionless convective velocity; Vi, V2, dimensionless hor- 
izontal and vertical convective velocity components; Pmax, Pmin, total and hydraulic pres- 

! 

sures; e i = dsi/dFo , R i = dRi/dFo (i = i, 2), rates of variation in zone and crust thickness; 
K, equilibrium impurity partition coefficient; Co, initial impurity concentration; C, im- 
purity concentration in liquid; C:, impurity concentration in solid; S = C/Co, dimensionless 
impurity concentration in liquid; S: = C:/Co, dimensionless impurity concentration in solid 
phase; S b = Cb/Co , dimensionless concentration at phase interface; ~ = P/(Pmax -- Pmin), dimen- 
sionless pressure; Gr d = ygCoX~ 2, diffusion Grashof number; y = I/p.Ap/&C; ~, solidifica- 
tion coefficient;Sm =~/D, Schmidtnumber; ~,kinematic viscosity;p, density; ~i =(n~ -- R~)/ 
(e~ -- R2) and ~2 = (n2 -- R2)/(e2 -- R2), dimensionless coordinates for transition to unit time 
region; g, acceleration of gravity; h, step in coordinate net; Tj, step in time net; i, m, 
numbers of divisions for horizontal and vertical coordinates; ~g, unit gravity vector. 
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